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The ef fec t  of s t ruc tu ra l ly  v i scous  and v i scoe las t i c  f ac to r s  on the laws of motion and hea t  t r a n s -  
fe r  in the en t rance  region of a channel a re  analyzed for  the Deborah numbers .  

The laws of motion and hea t  t r an s f e r  of Newtonian fluids in the ent rance  region of channels have been 
thoroughly studied. Resu l t s  in good a g r e e m e n t  with expe r imen t  have been obtained by approx imate  and exact  
methods of solution [1]. 

The motion of v i s coe l a s t i c  fluids in the ent rance  region of channels has  been t rea ted  in a number  of 
pape r s .  The main p rob l em  is the explanation of the effect  of the rheological  f ac to r s  of fluids (the nonlineari ty  
of the flow curve and the value of the r e v e r s i b l e  e las t i c  deformation)  on the p r e s s u r e  l o s s e s ,  the veloci ty  d i s -  
t r ibut ion,  the ent rance  lengths,  etc.  

Exper imen t s  with v i scoe la s t i c  solutions of va r ious  concentra t ions  for  Reynolds numbers  f r o m  6 to 2000 
led Sylves ter  and Rosen  [2] to the conclusion that the nonl inear i ty  of the flow curve (the exponent n in a power  
law) and the value of the r e v e r s i b l e  e las t ic  de format ion  7e have opposite effects  on the p r e s s u r e  losses  in the 
en t rance  region of a pipe.  

Broc ldebank  and Smith [3] used flow visual iza t ion  to m e a s u r e  the veloci ty  field in va r ious  c ross  sect ions  
of the en t rance  region and de te rmined  en t rance  lengths.  They showed that en t rance  lengths for  the flow of 
v i s coe l a s t i c  fluids a r e  apprec iab ly  g r ea t e r  than for  a Newtonian fluid. The ent rance  lengths i nc reased  with 
inc reas ing  e las t ic i ty  of the solutions.  S imi lar  r e su l t s  follow f r o m  theore t ica l  studies [4, 5]. 

Unfortunately,  unanimity in these  quest ions has  not yet  been achieved.  Exper imen t s  [6] with v i scoe las t i c  
solutions of va r ious  concentra t ions  over  a range  of Reynolds numbers  f r o m  1 to 270 showed that en t rance  
lengths we re  10-100% s ho r t e r  than those obtained with inelast ic  fluids for  the s ame  power - l aw p a r a m e t e r s .  

Tandon [7] for  f lat  channels and Bilgen [8] for  c i r cu l a r  p ipes ,  us ing approx imate  methods of boundary-  
l aye r  theory ,  also concluded that the en t rance  length d e c r e a s e s  with inc reas ing  e las t ic i ty .  

In the p r e s e n t  pape r  we use  bounda ry - l a ye r  theory  methods to inves t igate  the ef fec t  of rheological  f ac to r s  
( s t ruc tura l ly  v iscous  G0 and v i scoe la s t i c  7e) on the laws of motion and hea t  t r a n s f e r  of a fluid in the ent rance  
region of a channel for  the following veloci ty  field. 

u = u (x, y), v = v (x, y), w = O. (1) 

In developing flows of v i s coe l a s t i c  f ie lds ,  including those in the ent rance  region of channels ,  the f i r s t  
d i f ference  of the no rma l  s t r e s s e s  txx - tyy is dif ferent  f r o m  zero.  T h e r e f o r e ,  with the usual  a p p r o x i m a -  
tions of bounda ry - l aye r  theory  [1], the equations of motion of a v i scoe las t i c  fluid can be wr i t t en  in the f o r m  

au v au ) = ap at~.~ ax_._L 
9 u-~x + ay - - a ~  + ax- + ay 

o = - -  a p _~_ ot~y 
ag Og 

Since �9 and txx - tyy are  ze ro  in the flow co re ,  Eqs. (1) reduce to the f o r m  

(2) 
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_ _  _ OU ) a aT 
Ou + v Ou U ( t ~ - -  tyv) + ~ . (3) 

p u ~ oy Ox = ~ ov 

H e r e  OU(0U/0x) = (0 tyy /0X)~ore .  E q u a t i o n  ( 3 ) i s  the  s t a r t i n g  p o i n t  f o r  the  d e r i v a t i o n  of  the  i n t e g r a l  m o m e n t u m  
equa t ion .  O m i t t i n g  t e r m s  known f o r  o r d i n a r y  Newton i an  f l u i d s ,  we ob ta in  f i n a l l y  

6 

o u ~ \ + (5*) + o~ = ~ '  (~)- ~-~ 
0 

H e r e  

0 0 

In the  s t a b i l i z e d  f low r e g i o n  the v e l o c i t y  p r o f i l e  of  a v i s c o e l a s t i c  f lu id  o b e y i n g  a l i n e a r  f l u i d i t y  law h a s  
the f o r m  [9] u 

co ~ ~ ~- A [2~ _ ~ 2  + B (3~ _ ~ z  + ~9], A = (1 + B) -1, (5) 
/-/max 

- - 1  ~ =  Y 0 
Reo ' - b -  ' ~o = ~ PV ~. % 

T h e r e f o r e ,  we  a p p r o x i m a t e  the  v e l o c i t y  p r o f i l e  in the  e n t r a n c e  r e g i o n  by a cub ic  p o l y n o m i a l  

r (x) = a o + ad~ + a2k2 + a~k 3, k = y/8. (6) 

We f ind the  c o e f f i c i e n t s  f r o m  the  b o u n d a r y  cond i t ions  w = 0 fo r  k = 0; w = 1,  dw/dk  = 0 f o r  k = 1: 

I 1 

S I0,x,.  = S 
O 0 

S t a r t i n g  f r o m  t h e s e  c o n d i t i o n s ,  i t  can  be shown tha t  a 0 = 0, a 1 = - 6  + 8A + 9AB, a 2 = 15 - 16A - 18 A B ,  and 
a 3 = - 8 + 8A + 9AB. T h e r e f o r e ,  

l 

(5*=(5 1 - -  U 

0 

1 

0 

At = 1 a~ a~ a~ 
2 3 4 ' 

at ~ a8 a~ a~ a~ aiaz 
B, = - - ~  + + 4 3 5 7 2 

(7) 

u ] dk = Bl6, (8) 
v (x) / 

a2a a 2alas 
3 5 

F r o m  the cond i t ion  fo r  a c o n s t a n t  f low r a t e  in a f l a t  c h a n n e l ,  a s s u m i n g  tha t  the v e l o c i t y  p r o f i l e  i s  u n i -  

f o r m  a t  e n t r y ,  

5 
(5 j" udg + U (x) (b - -  (5) = Vb 

0 

w e  h a v e  

U (x)/V = (1 - -  A~A)-X; A = (5 (x)/b. (9) 

U s i n g  the f u n d a m e n t a l  r u l e  f o r  d i f f e r e n t i a t i n g  u n d e r  the  i n t e g r a l  s i g n ,  and  t a k i n g  a c c o u n t  of  the  f ac t  tha t  in  the  
r e g i o n  w h e r e  the  b o u n d a r y  l a y e r  and  the f low c o r e  j o in  txx - tyy  ~ 0, Eq.  (4) can  be w r i t t e n  in the  f o r m  

[U OU P k ~ (26** + (5*) + u2 

6 

06**OX ] : T W ' ( X ) -  0 "~X el "(txx-tyy)dy" 
0 

(10) 
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Substituting the appropriate expressions f rom (7)-(9) into (10), we obtain finally 
6 

(1 - -  Aih) a dx 9V z b 
(ii) 

For  Deborah numbers De << 1 the relat ion between the symmet r ic  s t ress  and rate of s train tensors  can 
be writ ten in the form [10] 

~iJ = - -  p6ij + ~i (Iz) e~j @ ~z (lz) b~! ~- ~a (I2) e',j. (12) 

Here eij ~ 0vi/0xJ + 8vj/0xi is the ra te  of s t r a in  t enso r ,  gij - 6"eij/6t = VmO~ij/0Xm'aVi/0Xm'bmjOVi/0Xm - e jm 
is the acce le ra t ion  t ensor  for  s teady flow, and the/.ti(I2) are exper imentaUy de te rmined  p r o p e r t i e s  of the v i s c o -  
e l a s t i c  field [ s ca l a r  functions of the second invar ian t  of the ra te  of s t r a in  t enso r ,  in our  case 12 = (du/dy) 2, or  
of the second invar tant  of the s t r e s s  t ensor  T 2 = ~.2].  

Using (12) and making the usual approximations of boundary-layer  theory,  the components of the s t ress  
tensor  appearing in Eq. (11) for the velocity field (1) have the form 

~vr (x) = txi (I~) Ou , txx --  ty,j = ~a (Iz) k Oy / 
, W 

Assuming [91 that the fluidity [IJ.i(I2)]-l- ~(r2) = ~00 + 0 T21/2, and ~/~l  = k is the character is t ic  relaxation time 
of the fluid, we can write 

% [ ( 1 +  40 Ou)~  
�9 (x )=  " oy 

Ou 3~,V 
tx~--tuu "f~(x), % = ~ / - - \  = \ Oy / 2b 

In accord with (6) 

I (  8~~ a~+2aek+3aak2)~ (13) % 1 -t- 
(x )  = - ~  Reo A (1 - -  A i A )  

For  small  values of ~0/Re0 -< 0.04 we can l imit  ourselves to three te rms  in the expansion in (13). F r o m  (11) an 
expression can be obtained for the dimensionless entrance length 

1 x A , + B , { A + [ . 2 A , + 3 B  ~ _ 1 (A,+2B~o 
Re o d 4aiAi 2 (F (h) F (0)) - - ~ -  alAi Reo 

 {cosn ( s ( a ) - s ( o ) ) - s i n n ( W ( A ) - w ( o ) )  T, 
1 (  A,+2B____ t _8a,:_~o 4A,-I- 7B/ ) X 

-k~--~4a,~oA21(At+B,) 4Ai(A,+Bt) 

< )]} x - - -  (S (A) - - S  (0)) + c o s H ( W ( a ) - - W ( 0 ) )  , (14) 

l v T  17 = - - - -  arctg 
2 1 1 

4a~A~ ~eo 

s 1 ai  13o + 

R =  16A] 2A~ Reo \ At Reo 
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X 
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Fig. 1. Variation of boundary layer  thickness with 
length: 1) B0/Re 0 = 0, 7e/Re0 = 0; 2) 1.0, 0; 3) 0, 0.5; 
4) 2.0, O; 5) O, 1.0; 6) 5.0, O; 7) i0.0, O; 8) 5.0, 0.5. 

F(A)__ln[(A2 _._A_A a, [~o)2+7(a,.[~o12 ] 
[k A, + A-7"~e-~ k A, R%/ j '  

V.7_at 

_fi_a. + at 8o ~(A) arctg~ At [ A2 At At Reo 

S(A) = In 2At 2At + 

2A, --  2A----~-- + 

2Rsin/7 (A 1 ) 
W (A)= arctg - 2Al ! 

1 / ~_  R2 
A 2Ai / 

Calculations with Eq. (14) showed that the entrance length increases  with increasing fl0/Re0, the charac-  
te r i s t ic  of the nonlinearity of the flow curve. 

For  values of fl0/Re 0 -> 1 the expression for the tangential s t r ess  can be writ ten in the form 

"c (x) ~ q% ~ / f  ~o at + 2azk + 3a3k 2 
-~- 8 Reo A ( I --  AiA) 

A s a consequence of this the expression for the entrance length takes the s impler  form 

= [~o - - [ - -  - -  -~(A~+B,) 
Re o d Re,---~ V-Za-T/ 3 1 - A~A ' 1 --A~A 

7e I n ( 1 - - A ~ A )  [ 3a3a~--a~ 3a3-+-a2 a2 ] 

--  Reo 4A, 6a3 ~3-~3ai In 1F~a,  + az 6a 3 �9 (15) 

Using Eq. (15) the development of the boundary layer  (Fig. i) and the local frictional drag coefficients 
(Fig. 2) were calculated for various of fl0/Re0 and 7e/Re 0. It is c lear  that the relat ive fr ict ional  drag coefficient 
cf/cf0 increases  with increasing magnitude of the revers ible  e las t ic  deformation 7e, but decreases  with in- 
crea sing fl 0- 

Rheological fluids as a rule are  character ized by Prandtl  numbers P r  7> 1. Thus,  it  can be assumed that 
the whole hea t - t rans fe r  process  in such fluids is confined to a narrow region near  the wall where the velocity 
gradient is constant. 

The sys tem of equations for the thermal  boundary layer  is 

OT + v O_.T_T = 02T Ou Ov 
u 0---~ Oy a , - -  + - -  = O. Oy ~ Ox Oy 
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c_c: 
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Fig. 2. Variat ions of re la t ive  fr ic t ional  drag  coefficients:  
1) ~o/Reo = 10.0, Ye/Re 0 = 0; 2) 5.0, 0; 3) 5.0, 0.5; 4) 2.0, 
0; 5) 1.0, 0; 6)/3o/Re o = 0, Ye/Reo = 0; 7) 0, 0.5; 8) 0, 1.0. 

T'~U 

"; U 0 
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Fig. 3. Variat ion of re la t ive  hea t -  
t r an s f e r  coefficient:  1) fl0/Re0 = 0, 
],e/Re 0 = 0.1; 2) 0, 0.5; 3) 0, 1.0; 4) 
1.0, 0; 5) 2.0, 0; 6) 5.0,0;  7)10.0, 0. 

The solution of these equations together  with the l inear ized  re la t ion (6) for  constant wall t empera tu re  can be 
wri t ten  in the fo rm [11] 

Nu~ 
x 

0 0 

6 = --'--al oyOU u~o" 

Figure  3 shows the resu l t s  of the calculation of the re la t ive  h e a t - t r a n s f e r  coefficient.  The absolute 
values of/30/Re 0 and Ye/Re 0 have a pronounced effect  on Nu/Nu 0. As one would expect  for  a fluid with P r  >> 1, 
the rheological  fac tors  have a re la t ive ly  small  effect  on the h ea t - t r an s f e r  coefficient.  

X, y 
U, V 
b = d / 2  

U(x) 
V 
~o0 
0 
De 
P r  
NUx 
Nu0 
Re 0 = 2pcP0bV 

N O T A T I O N  

are  the longitudinal and t r a n s v e r s e  coordinates;  
a re  the longitudinal and t r an sv e r se  veloci ty  components;  
is the halfheight of channel; 
IS 

IS 

is 

is 

IS 

is 

is 

18 

IS 

is 

the boundary- layer  thickness;  
the center l ine  velocity;  
the average  veloci ty  over  c ross  sect ion of channel; 
the fluidity as T --- 0; 
the p a r a m e t e r  charac te r iz ing  s t ruc tura l  p roper t i e s  of fluid in l inear  fluidity law; 
the Deborah number;  
the Prandt l  number;  
the local  Nussel t  number;  
the local Nusse l t  number  for  a Newtonian fluid; 
the Reynolds number;  
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cf = 2 Tw/PV 2 

r 

is the f r ic t ional  d rag  coefficient;  
is the f r ic t ional  d rag  coefficient  of Newtonian fluid in stabil ized flow region. 
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T H E R M O C O N V E C T I O N  W A V E S  IN A S Y M M E T R I C A L  F L U I D S  

S. M.  A l e i n i k o v  a n d  A .  A.  M t r z o e v  UDC 536.25:534.21 

The propagat ion of thermoconvect ion  waves in a symmet r i ca l  fluids is investigated.  The resu l t s  
lead to a number  of conclusions about the influence of mic ro ine r t i a  and couple s t r e s s e s  on the 
wave propagation veloci ty  and damping. 

Lykov and Berkovski i  [1, 2] have investigated the propagation of thermoconvect ion waves in viscous and 
v iscoe las t ic  fluids. L i s t rov  and Shurinov [3] have studied the propagation of small  shear  dis turbances in c e r -  
tain a symmet r i ca l  media.  Here  we consider  the propagation of thermoconvect ion waves in a symmet r i ca l  
f luids,  using the equations of motion with r ega rd  for  compress ib i l i ty  in the fo rm [4, 5] 

0__pp _~ div (pv) = 0, (1) 
Ot 

dv p - -  grad p ~ k rot ~) - -  (~t ~- k) rot rot v -t- (s 2c 2~ ~- k) grad div v -~ pg, (2) 
dt 

d~ 
pl dt -- 2to) ~ k rot v - -  7 rot rot ~) ~- (a ~- ~ -~ 7) grad div co. (3) 

The ~ensile s t r e s s e s  tij and couple s t r e s s e s  mij a re  de te rmined  f rom the rheological  equations 

t  =(--p+Xdivv)6 j+ (4) 

mii = a (div o)) 6~j ~- [} a~ 4- ao)j (5) 

We wri te  the hea t - t r an s f e r  equation in the fo rm [6] 

v O T ~  OAT + R, (6) 

.Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal  ~, VoL 35, No. 10; pp. 688-691, October ,  1978. Original 
a r t i c le  submit ted October  19, 1977. 
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